Suppose that p is an odd prime and G is a finite group having no normal non-trivial p ′ -subgroup. We show that if a is an automorphism of G of p-power order centralizing a Sylow p-group of G, then a is inner.
Introduction
Let p be a prime. There has been quite a lot of interest in the problem of characterizing automorphisms of order a power of p centralizing a Sylow p-subgroup of a finite group G.
In particular, Question 14.1 of the Kourovka notebook [9] which was posed in 1999 asked whether if G had no normal odd order subgroups, then for any such automorphism, a 2 is inner. This had already been answered in a beautiful paper of Glauberman [4, Corollary 8] in 1968. Symmetric groups already show that it is not true that a is inner.
If p is odd, then Gross [7] showed that any such automorphism is inner under the extra assumption that O p (G) = 1. Gross used the classification while Glauberman did not. In this note, we show how to extend the result of Gross allowing the possibility of nontrivial O p (G). This was conjectured by Gross in [7] and a partial result was obtained by Murai [12] . Theorem 1.1. Let p be an odd prime and L a finite group with O p ′ (L) = 1. Suppose that a is an automorphism of L whose order is a power of p and a centralizes a Sylow p-subgroup of L. Then a is an inner automorphism of L.
It is not hard to see that Theorem 1.1 can fail if O p ′ (L) = 1. A consequence of Theorem 1.1 is the following. Recall that F * (G) is the generalized Fitting subgroup of G.
Let p be an odd prime, and let G be finite group with O p ′ (G) = 1. Let P be a Sylow p-subgroup of G. Then Z(P ) ≤ F * (G).
The paper is organized as follows. In the next section we introduce some notation and prove a few preliminary results. We then examine the almost quasi-simple groups. For the case of trivial center, it suffices to consider when such outer automorphisms exist and we just quote Gross for this case. In the case when there is a non-trivial center, we need to prove a more subtle result and we need to prove a result stronger than the main theorem.
We will need to use detailed properties of automorphism groups of simple groups. Most of these results were first obtained by Steinberg. We refer the reader to the reference [6, 2.5] . In particular, if p ≥ 5, then the only quasi-simple groups with outer automorphisms of order a power of p are groups of Lie type. Moreover, we are either in type A and there may be diagonal automorphisms or only field automorphisms are possible. If p = 3, there are more cases with diagonal automorphisms and triality needs to be dealt with.
In the last section, we deduce the main results from the results on quasi-simple groups.
We thank I. M. Isaacs for collaborating with us in this project. We thank Justin Lynd, Richard Lyons, Gunter Malle and Ron Solomon for comments on an earlier version of this paper (where we had reproved Glauberman's result which we were unaware of).
Notation and Preliminary Results
Let G be a finite group and p a prime. We recall some notation (see [8] for more details). The maximal normal p-subgroup of G is denoted by O p (G) and O p ′ (G) is the maximal normal p ′ -subgroup of G. The Fitting subgroup, F (G), is the maximal normal nilpotent subgroup of G and is the direct product of the O r (G) where r ranges over all prime divisors of |G|.
A quasi-simple group is a group Q such that Q is perfect and Q/Z(Q) is a (nonabelian) simple group. A component of G is a subnormal quasi-simple subgroup.
Then E(G) is the subgroup of G generated by all components of G (and is the central product of all the components of G). The generalized Fitting subgroup F * (G) of G is the central product E(G)F (G). It has the very important property that C G (F * (G)) = Z(F * (G)) = Z(F (G)). 
The following handles an easy case of the theorem and gives a reduction to the case that L = E(L)T where T is a Sylow p-subgroup of L. The next two results hold without assuming that a has order a power of p, but that is the important case and the only case we use. Proof. Let G = L a be the semidirect product. Notice that if Q is a component of G, since Q is perfect and Q/(Q ∩ L) is cyclic, we have that Q ⊆ L. Thus the components of G are the components of L. Hence, we have that F * (G) = E(L)S where S = F (G) is a p-group.
By hypothesis, a is in the center of some Sylow p-subgroup of G, so a centralizes F * (G), whence a ∈ M := Z(S). Note that M is an abelian p-group and M/N is centralized by L where N = M ∩ L. Now apply the previous lemma to conclude that there exists z ∈ N ≤ L so that az centralizes L and so a induces conjugation by z −1 .
A special case of the previous result is the following:
If a is a nontrivial automorphism of L of order a power of p which centralizes a Sylow p-subgroup P of L, then a is induced by an inner automorphism of an element of Z(P ).
The following result will be used in studying quasi-simple groups. If g ∈ L, then g L denotes the conjugacy class of g in L.
Lemma 2.4. Let L be a finite group with center Z a p-group. Let g ∈ L such that |L : C L (g)| is not divisible by p. Then g L ∩ gZ = {g}.
Proof. Suppose that g u = gz for some z ∈ Z and u ∈ L. Thus [g, u] = z and so [g, u r ] = z r for every integer r. Since Z is a p-group, then we may assume that u is a p-element (by taking r to be the p ′ -part of the order of u).
Note also that u normalizes the centralizer of g. If H = N L (C L (g)), then the hypotheses of the lemma are satisfied in H, and working by induction on |L|, we may assume that H = L. Now, L/C L (g) is a p ′ -group. Since u is a p-element, u ∈ C L (g) and z = 1.
Almost Simple Groups
The following two theorems about simple and quasi-simple groups provide the key to proving our main results. The first is a result of Gross [7] . Theorem 3.1. Let p be an odd prime, and suppose L is a finite nonabelian simple group with order divisible by p. Also, let a be an automorphism of L that has p-power order, and assume that a centralizes a Sylow p-subgroup of L. Then a is an inner automorphism of L.
Theorem 3.2. Let p be a prime, and suppose L is a finite quasi-simple group whose center is a nontrivial p-group. Also, let a be an automorphism of L that has ppower order, and assume that a centralizes a Sylow p-subgroup of L. Then a is the inner automorphism of L induced by some element x of L where x is fixed by all automorphisms of L that centralize a and have p-power order.
The remainder of this section is devoted to proving Theorem 3.2.
3.1. Preliminaries for the section. We note: Lemma 3.3. Suppose that L is a finite nonabelian simple group and p is a prime which does not divide the order of the outer automorphism group of L. Suppose that Q is a quasi-simple group with Q/Z(Q) = L and Z(Q) is a p-group. If a is an automorphism of Q of order a power of p, and a centralizes a Sylow p-subgroup of Q, then there is x ∈ Q such that q a = q x for all q ∈ Q, and x σ = x for every σ ∈ Aut(Q) of p-power order that commutes with a. In particular, Theorem 3.2 holds.
Proof. Write Z = Z(Q). Recall that if Q is any perfect group and b is any automorphism of Q that acts trivially on Q/Z, then b is trivial on Q.
It follows by hypothesis that a is inner on Q/Z and so also inner on Q. Hence, there is x ∈ Q such that q a = q x for every q ∈ Q.
Finally, suppose that σ ∈ Aut(Q) has p-power order (and so σ is inner) and σ commutes with a. So if σ commutes with a, then x σ ∈ xZ. By Lemma 2.4, we have that y Q ∩ yZ = {x}, and thus y σ = y, as required.
In particular, we see that Theorem 3.2 holds if p does not divide the order of the outer automorphism group of L and trivially if p does not divide the order of the Schur multiplier. In particular, the result holds for alternating and sporadic groups.
3.2.
Groups of Lie type. For the rest of the section, fix an odd prime p.
First consider the case that L is a simple group of Lie type in odd characteristic p. Then generically the Schur multiplier of L has order prime to p. Using [6] , it is straightforward to check in those cases, p does not divide the order of the outer automorphism group, whence Theorem 3.2 holds.
We need to prove Theorem 3.2 in the remaining cases. So again let L be a finite simple group of Lie type in characteristic r = p and assume that p divides the order of the Schur multiplier as well as the outer automorphism group.
Then the cases to consider are: (i) L = PSL(d, q) and p divides (d, q − 1); or (ii) L = PSU(d, q) and p divides (d, q + 1); or (iii) p = 3 and L = E 6 (q) and 3 divides q − 1 or L = 2 E 6 (q) and 3 divides q + 1. Let R = SL(d, q) with center Z. Then we can take Q = R/Z 1 for some subgroup Z 1 ≤ Z. Let D(R) be the group of diagonal matrices in R and set D = D(R)/Z 1 . Note that the normalizer of D in Aut(Q) contains a Sylow p-subgroup of Aut(Q). Since the Sylow p-subgroup of D is self centralizing, we can assume our p-central element b ∈ D and our automorphism x with b x = bz for some z ∈ Z(Q) normalizes D.
Since b is central in P and we may assume that x normalizes P , we see that we may replace x by an element in the coset xc where c ∈ Aut(Q) centralizes b. Note that the centralizer of b covers Aut(Q)/L (since b is semisimple). Thus we may take x to be a standard field automorphism on R (i.e. acting on each matrix coordinate -note this normalizes D). Precisely the same proof works in the unitary groups. In the last case, we may take Q to be the simply connected group (since the Schur multiplier has order 3). It follows by [11] the center of a Sylow 3-subgroup is central in Q and so the result follows. Proof. Let A = a , and let G = LA be the semidirect product. Let K = F * (L) and Z = Z(K). Let S ∈ Syl p (L) such that [S, a] = 1. Notice that SA ∈ Syl p (G) and that a ∈ Z(SA).
Proof of the Theorem
(a) We have that C G (K) is an abelian p-group.
Since C L (K) ⊆ K (Theorem 9.8 of [8]), we have that C L (K) = Z. This is a p-group, since O p ′ (L) = 1. Since G/L is a cyclic p-group, we have that
(c) If X is the product of the quasi-simple non-simple components of L, then there exists x 0 ∈ X such that [x 0 , S] = 1 and
Suppose that Q is a quasi-simple component of L with Z(Q) > 1. Since Q ⊳ ⊳ L, Q ∩ S ∈ Syl p (Q). By Theorem 3.2 (and using (b)), there exists x ∈ Q such that q a = q x for every q ∈ Q, and such that x σ = x for every σ ∈ Aut(Q) of p-power order that commutes with the action of a on Q. Let S 0 = N S (Q). If s ∈ S 0 , then we have that x s = x (using that q → q s is an automorphism of Q of p-power order that commutes with the action of a on Q).
Suppose now that S = t j=1 S 0 s j is a disjoint union. Notice that [Q s i , Q s j ] = 1 for i = j. Let N = t j=1 Q s j and consider y = x s 1 · · · x st ∈ N. Since [x, S 0 ] = 1, and [Q s i , Q s j ] = 1 for i = j, notice that [y, S] = 1. Also, for q i ∈ Q, we have that (q s 1 1 · · · q st t ) a = (q a 1 ) s 1 · · · (q a t ) st = (q x 1 ) s 1 · · · (q x t ) st = (q s 1 1 · · · q st t ) y . Let Q 1 , . . . , Q r be a set of representatives for the orbits of the conjugation action of S on the set of non-simple components of L. Also, let N i be the product of the S-conjugates of Q i and let y i ∈ N i be an element that centralizes S and satisfies n y i i = n a i for all n i ∈ N i . Then X = i N i , and the element x 0 = i y i satisfies the required conditions.
(d) If Y is the product of the simple components of L, then there is y 0 ∈ Y such that y a = y y 0 for all y ∈ Y and [y 0 , S] = 1.
Suppose that L 1 , . . . , L m are the different simple components of L. Recall that L i ∩ S ∈ Syl p (L i ). By (b) and using Theorem 3.1, there exists y i ∈ L i such that
for all l i ∈ L i . Let y 0 = y i ∈ L 1 · · · L m = Y . Now, since [L i , L j ] = 1 for i = j, we have that y a = y y 0 for all y ∈ Y . We only need to prove that [y 0 , S] = 1. Now y 0 and a induce the same automorphism of Y , and since S normalizes Y , it follows that (y 0 ) s and a s = a also induce identical automorphisms of Y for all s ∈ S. Then y −1 0 (y 0 ) s lies in Z(Y ) = 1, and thus y s 0 = y 0 . It follows that S centralizes y 0 , as required.
(e) Final
Step. Write F = F (G). Using that G/L is a p-group and that O p ′ (L) = 1, we have that F is a p-group. Since F ⊳ G, we have that F ⊆ SA ∈ Syl p (G). Thus [F, a] = 1. As in the proof of Lemma 2.2, we have that the components of G are the components of L. Hence K = XY F . We know that [X, F ] = [Y, F ] = [X, Y ] = 1 (using Theorem 9.7(c) of [8] ).
Suppose that x ∈ X, y ∈ Y and f ∈ F . Then (xyf ) a = x a y a f = x x 0 y y 0 f = (xyf ) x 0 y 0 .
Thus w = a(x 0 y 0 ) −1 ∈ C G (K) is centralized by S. Let W = Z w , where recall that Z = Z(K). Since C G (K)/Z is cyclic, we have that W ⊳ G. Now, L acts on the abelian p-group W , L acts trivially on W/Z and W = ZC W (S). By Lemma 2.1, we have that W = ZC W (L). Hence, we can write w = f z, where f ∈ C W (L) and z ∈ Z.
Then a = f z(x 0 y 0 ) acts as z(x 0 y 0 ) ∈ K on L.
